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Abstract 

In this paper we discuss the problem of splitting the total correlations 
for a bipartite quantum state described by the Von Neumann mutual 
information into classical and quantum parts. We propose a measure 
of the classical correlations as the difference between the Von Neumann 
mutual information and the relative entropy of entanglement. We compare 
this measure with different measures proposed in the literature. 
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In quantum information theory any bipartite quantum state can be used as 
a quantum channel to send quantum information from sender to receivcr Q . If 
the state is maximally entangled then the fidelity of the channel is one, however 
if the state is not maximally entangled and/or mixed, the degree of success is 
less than one. From this point of view it is interesting to quantify the quantum 
and the classical correlations in a quantum state. Different measures of the 
quantum correlations have been proposed in the past few years. Bennett et al. 
[[ï) proposed entanglement of formation and distillable entanglement, where the 
former is the number of the maximally entangled states that is necessary to 
create the state by local operations and classical communication (LOCC), and 
the latter is the number of maximally entangled states that can be distilled from 
the state by LOCC. Vidal and Werner Q] proved that the negativity defined as 
two times the absolute vàlues of the negative eigenvalue of the partial transpose 
of a state is an entanglement monotone and therefore is a good entanglement 
measure. In this paper we will use the relative entropy of entanglement jï| 
as a measure of entanglement. All these entanglement measures are proved 
to be consistent with each other, however for the known measures of classical 
correlations this is not proved to be true || . 

The first measure of the classical correlations of a bipartite state pab was 
proposed in |ï| as a distance between the nearest separable state p* of pab and 

P*A ® P*B tnat is 

C 1 {pab) = S{ P *\\p*a®p* b ), (1) 

where p* A — Tr B (p*) and p* B = Tr^(p*) are the reduced density operators of p* 
and S(p*\\p* A (g) p* B ) = Tr{p*[log 2 (p*) - \og 2 (p* A <g> p* B )]} is the relative entropy 
of p* with respect to p* A ® P*b- Here the relative entropy is used as distance Q 
Note that this measure of the classical correlations, and similar measures based 
on the distance between p* and pa ® PB such as |5fl 

C 2 (PAB)=S(p*\\p A ®p B ), (2) 

are equal to the Von Neumann mutual information 

Hpab) = S{p A ) + S(p B ) - S(pab) = S(pab\\pa ® Pb) , (3) 

for a set of separable states. Recently Vedral et al. § proposed a measure 
of the classical correlations based on the maximum information that could be 
extracted on a subsystem B of pab by making a measurement on the other 
subsystem A so 

X b = maxS(p s ) - V^SOb) . (4) 

AiAÏ 

where p l B = TïaAíPabA] /Tr[Tr a(Aí P abA\)] and the maximum is taken 
over all POVM measurements that A can perform for his state such J^i AiA] = 
I. This measure is not proved to be symmetric under interchange of the sub- 
systems A and B and even if it could increase under LOCC that should be 
expected for classical correlations. 

1 This distance is not a mètric because it is not symmetric under interchange of the states 
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In this paper we suggest a new measure of the classical correlation that is 
symmetric under the interchange of A and B and we compare it with Vedral et 
al. measures |j| for the class of all Werner states. 

We define the classical correlations as the difference between the total cor- 
relations measured by the Von Neumann mutual information and the quantum 
correlations measured by the relative entropy of entanglement 

^(pab) = S(pab\\pa ® Pb) - min S(pab\\p*) , (5) 

where T> is the set of all separable states in the Hilbert space on which pab 
is defined. ^(pab) satisfies some properties that we expect for the classical 
correlations: 

1. By definition ^S(pab) is symmetric under interchange of A and B as ex- 
pected. 

2. V pab we have ^(pab) > because the relative entropy of entanglement 
is the minimum over the set of separable states including pa <8> Pb- 

3. ^(pab) is invariant under local unitary transformations due to the fact 
that the relative entropy and T> are invariant under this transformation 

4. 'i! (pab) = iff pab = PA® PB (evident from the definition). This con- 
dition is a natural requirement as in this case A and B are completely 
separable so there are no expected classical correlations between them. 

5. ^(pab) could increase under LOCC due to an increase in mutual infor- 
mation, while the relative entropy of entanglement cannot. This is an 
important requirement that enables the enhancement of classical correla- 
tions by classical communication. 

6. For separable states, ^(pab) cannot increase by local operations only 
because in this case, ^(pab) is just equal to the mutual information Q. 
We do not prové that in general however it is natural to conjecture it 
because the decreasing part of the total correlations should include the 
decreasing part of the quantum correlations. 

This measure of the classical correlation is superadditive in the sense that ^>(p® 
p) > 2í'(p) due to the fact that the mutual information is additive, whereas the 
relative entropy of entanglement is subadditive. We will now compare ^(pab) 
with the measures proposed by Vedral et al. |ÏJ, g. 

For pure states, all the measures of the classical correlations including our 
measure are equal to the Von Neumann entropy of the subsystems A or B 
S(pb) = S{p A )- 

Note that, according to our proposed definition of the classical correlation all 
the correlations contained in separable states are classical. On the other hand, 
recently it has turned out that some of them can be still of quantum nature see 
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Figure 1: Classical correlations for the class of Werner states measured by 
^ÍPab) (dotted line), ^>(pab) — Xb ( son d line) and ^(pab) — G (dashed line). 



Ollivier and Zurek Q). This however does not nullify our result. Since there 
is no hope for unique measure of the classical correlations, some operational 
measures take into account some aspects of the correlations and others may 
take different aspects. In a similar way, distillable entanglement vanishes on 
some entangled states (ie. bound entangled ones) but turns out to point out all 
the entanglement that is directly useful in quantum information theory. 

To compare these measures for mixed states, we choose as an example the 
class of all Werner states in 2 C5> 2 

PAB-^ T ^/4+7l^ + >(^ + l, (6) 

which intcrpolates between the unpolarized state Zt/4 and the Bell statc \tp + ) — 
l 00 ^! 11 ^ as 7 varies between and 1. 

In figure (Q) we show the classical correlations measured by $>(pab)- To 
compare we plot also in this figure ^(pab) — Xb ( * ne m dex p introduced to 
denote that the measurement is projective []) and ^(pab) — C (in this case 
Ci(pab) = C 2 (pab) = C). From figure (0) we can see that $(pab) - X B is 
always positive so it remains an open question to determine if there exists a 
POVM measurement which could make ^(pab) — Xb — or even negative. 

2 In this case, the measurement is not optimized for all von Neumann measurement but 
calculated for some fixed one, namely the projective measurement. 
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However, it is clear from figure (Q) that ^(pab) is different from C\(pab) and 
C^ÍPab) (this is a counterexample). We can also conclude from figure (Q) that 
Xb cannot be equal to C±(pab) or C 2 (pab) as \b > Xb > C f° r 7 > 0-53- 

In conclusion, in this paper we have investigated the problem of extracting 
the classical correlations from bipartite quantum systems. We have discussed 
different measures of the classical correlations and we have suggested a measure 
based on the difference between the mutual information and the relative entropy 
of entanglement. We have compared different measures of the classical correla- 
tions with our measure using the class of Werner states as a specific example. 
Although we have proved from this example that neither ^(pab) nor xb could 
be equal to C\(pab) or C2(pab), it remains an open question whether ^(pab) 
is equal to xb or not. Also remaining as an open question is whether or not 
^(pab) is non increasing under local operations in the case when the bipartite 
quantum state is non separable. We hope to address some of these issues in the 
near futurc. 
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